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Introduction

The estimation of the tonnage and grade of
payable ore in a mine and the correct policy of
selective mining based on such estimates, is of
vital importance to the mining engineer. It is
surprising, therefore, that more attention has not
been devoted on the Witwatersrand to the
scientific improvement of mine valuation
methods. At present these methods consist
almost entirely of the application of simple
arithmetic and empirical formulae guided by
practical experience, and ignore the many
advantages to be gained from a careful statistical
analysis of the behaviour of the gold values.
The science of statistics has expanded rapidly
during the last two decades and its value as a
powerful and indispensable tool is now recognized
not only by research workers and scientists but
also, ever-increasingly, by the commercial and
industrial world. This being the case it is note-
worthy that in a mining field such as the Rand
with its highly developed and advanced mining
methods, singularly little attention has been paid
to the analysis of mine valuation problems on a
modern statistical basis. This omission is even
more striking when cognizance is taken of the
wealth of sampling data concerning the gold ore
which is available and of the far-reaching
decisions and deductions constantly being based
on such data. Some contributions have however
been made from time to time towards the
application of staristics to mine valuation on the
Rand (References Nos. 7, 8,9, 11, and 12), but
none of these have been generally applied in
practice and a systematic practical approach based
on clearly defined fundamental concepts still
appears to be lacking. The object of this paper is,
therefore, to define these statistical concepts and to
indicate briefly the lines along which statistical
methods can be applied profitability in solving
some of the existing problems and in improving
the general standard of mine valuation on the
Rand. For this purpose a knowledge of
mathematical statistics is essential, but as this
paper is primarily intended to provide the mine
valuator with a practical introduction to statistical
application in his field, the mathematics is
confined to a short annexure, together with
references from which details can be obtained.

ng and Metallugy

Definition of certain fundamental concepts

The intelligent observer has no doubt often been
amazed at the regularity and order behind what
at first glance appears to be a chaotic variation in
the attributes of an object, event or condition.
The individual heights of the people forming the
population of a town, for example, appear from a
casual investigation to vary haphazardly, and
yet when such height measurements are grouped
according to the frequency of occurrence of
individual sizes, a surprisingly uniform and
regular trend in such frequencies will be found.
Thus, intelligent observation and analysis will
generally disclose a regular pattern behind the
apparent chaos.

Even an experienced mine valuator on the
Rand may believe that the variation between
gold values along a stretch of drive, raise or
stope face is haphazard. This is not the case,
however, and it follows naturally that the
observation of the regular pattern followed by
such values, and the correct interpretation
thereof, must open up new avenues of approach
to the benefit of mine valuation in general.

It is as well to stress at this stage that the
basic problem of mine valuation is that the
actual gold content of a block of ore to be stoped
is unknown and that it can only be estimated
from the limited number of values available
round its periphery, the orthodox estimate being
based on the arithmetic mean of such a set of
available values, i.e. the mean of such values is
accepted as being the indicated mean value of
the whole block of ore. The two main objects of a
statistical approach to mine valuation are firstly,
to determine the reliability of such existing
methods of estimation and secondly, to develop
methods which will, on average, yield closer and
more reliable estimates of the actual mean value
of the ore from the limited available sampling
information.

Before this can be done, however, some
fundamental statistical terms and their
application to mine valuation on the South
African gold fields have to be defined.
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Population

The common concept of a ‘papulation” is that of
a large group of persons, each ‘member’ of the
population: being identified by his or her own
particular attributes such as height, weight, age,
wealth, etc. In the statistical sense, however, the
measurerients of any one attribute of the
individual persons in such a group constitute a
population (ol measurements) and each such
measurement is regarded as a member of the
population.

In the case of a gold mine, the ore body can
be regarded as a single ore parcel which can be
subdivided into a large number of small parcels
of are, each of these smaller parcels having its
own attributes, the vital one naturally being its
gold content. The aim in framing the ideal policy
of selective mining is to select for stoping
purposes only those parcels of ore which contain
sufficient gold to pay for all expenditure incurred
up to and including the extraction of this gold
and to leave intact all parcels with an insufTicient
geld content to cover such costs. [n practice,
except in the case of unusually wide aurilerous
reef bodies, this process of selection is effected in
respect of reef *parcels’ which in cach case occupy
the entire width of the reef body (or economic
band of reef), and the ‘payable’ and ‘unpayable’
parcels can consequentiy be depicted on the plane
of the reef by the arcas covered by these parcels.
For practical purposes, therefore, a reef body in a
particular mine can be regarded as a large “area’
of reef consisting of smaller individual reef
‘areas,’ cach ‘area’ being identified in particular
hy the gold content of the ore parcei {or volume
or tonnage of orey it represents. The gold
contents of such individual small reef “arcas’
within a large reef "area’ can from a statistical
angle, consequently be regarded as the members
of a population. The smallest “area” of reef, the
gold content of which is mecasured in practice, is
that represented by the cross sectional area of the
standard size channel cut in the process of
sampling across the width of the reef body at
sampling sccrion and, on average, measires
approximately 6 sq in. For mine valuaton
purposes, therefore, the measurements of gold
contents of all the standard size {6 sq. in.) reel
‘areas’ which consiitute a larger reef 'area’ will be
regarded as a population, and every such
individual measurement will be a member of the
population. The basic population is comprised of
the acrual gold contents of these “areas’ but these
can in practice only be measured by underground
sampling and hence, the observed pepulation
consists of a number of measurements of the
actual geld contents concerned.

In the practical case of a block of ore
measuring say, 200 ft by 200 ft, which has been
sampled at 5 ft intervals round its periphery, the
measured gold contents of the 160 standard size
reef ‘areas’ at the corresponding number of
sample sections will constitute the only known
members of the population of measurements of
the gold contents of the odd million standard
size reef “areas’ constituting the entire block,

The gold content of any one such standard
size reef "area’ (6 sq in) will be measured by the
assayad gold content of the sample(s) cbrained
from the channel cut at the corresponding
sampling section, i.e. by the {weighted average}
dwt/lon of the sample(s) x tonnage of sample(s).
Now, since the tonnage of the sample{s) is
directly proportional to the volume of the
sample(s), and the velume is in turn directly
proportional to the overall sampled width (when
the cross-sectional area of the channel cut for
every sample is identical), it follows that the
measurement of the gold content of a standard
size reef ‘area’ is directly proportional to the
average dwt/ton over the sampled width x the
sampled width = total inch-dwt for the sample
scction concerned.

The inch-dwt of a sample section can,
therefore, be accepted as a measurement of the
Lold content of u standard size reef ‘arca’

(6 5q. in.) corresponding to this sampling
section).

Where the reef width is relatively narrow the
stoping width is determined entirely by practical
mining considerations and is fairly constant. In
such a casc the inch-dwt valuc of a sampling
section divided by the more or less constant
factor of the stoping width so as to yield the
dwt/ton value over the stoping width will also,
therefore, provide a measurentent of the gold
content of the relevant standard size reef arca.

Similarly, in the case of a wide variable reef
width having a definite influence on the stoping
width, but where neither of these widths appears
on average to be related to the corresponding
inch-dwt values (i.e. where the full range of
stoping width variations is likely 1o be
associated with every category of inch-dwt
values), the dwt/ten valug ever the stoping
width at a sampling section will on average also
provide a measure of the gold content of the
corresponding standard size reef area.

In the unusual case where there appears to
be a definite relationship between the stoping
widths and corresponding inch-dwt values at the
various sample sections, the problem is more
complicated and will not be considered in this

paper.




The dowenad of Tre Sewath Adee

From a practical point of view, therefore, the
statistical use of either the inch-dwe value or the
dwt/ton value over the stoping width at a
sampling section can be justified and should
yield the same eventual answer if a sufficient
number of values is available, since the average
dwt/ton value for the tonnage of ore in a block is
the quoticnt of the average inch-dwt value and
the average stoping width.

For the purpose of this paper the inch-dwt
measure will be used almost invariably and a
population will therefore be considered as being
comprised of a number of inch-dwt values of
sample scctions corresponding to ‘standard’ size
reef areas. In the case of a block ore, for
example, the population will consist of all the
theoretically possible inch-dwt values which
could be obtainad if the block were to be
extracted by a process of continuous sampling.

Similarly, the sample values obtained from a
stretch of drive, raise or stope face can be
considered to be equivalent to that obtained from
a relatively narrow and elongated ‘area’ of reef
containing a population of sample section
values.

A case where the area concept is departed
from is in the analysis of the distribution of
cakeulated ore reserve values. In this case the
population in effect comprises the indicated
mean values of a number of blecks (i.e. ‘arcas’
of ore, In order, however, to allow for the fact
that in practice the areas of these blocks are
usually very divergent in size, the tonnages of
ore in the varicus value categories provide a
better relative frequency measure. The
population will therefore in this case consist of
all the individual tons of ore in the ore reserves
each at the indicated average value of the ore
block of which it forms part.

Sampling from a population

In the statistical sense ‘sampling’ implies the
selection of a limited number of members of a
pepulation, the group of selected members
constituting the so-called ‘sample’, To the mine
valuator, ‘sampling’ implies the physical act of
chiselling out a few pounds of reef {and waste)
material for assay purposes, and ‘samples’ imply
the separate packages of reef {(and wastc)
material obrained in ‘sampling’. 1t is, therefore,
obvious that in the application of statistics to
mine valuation a clear distinction is reguired
between the above dual meanings of both
‘sampling' and ‘sample’. Bearing in mind the
stated intention of this papet, the valuation
interpretation of these two terms will be
maintained and the corresponding statistical
terms will be referred to in the following

manner:-
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Statistical term Valuation equivalent
‘Sample’ A set of sample values
drawn from a population of
sample values.
‘Sampling’ The act of drawing a set of

sample values from a
population of such values.

The term sample, therefore, unless qualified,
is used in the mine valuation sense and an
individual sample value will be the inch-dwt
value at a sampling section, i.e. a member of a
population of individual sample values.

Random and systematic sampling

A considerable part of statistical theory has been
built up round the basic concept of ‘random’
sampling (statistical sense), i.e. the concept of
the drawing of a set of sample values (valuation
sense} from a population of such values ina
purely random and unbiased manner. Briefly
this means that for every selection of a single
member every individual member of the
population must have an equal chance of
selection.

In practice, samples can only be taken round
the periphery of an ore block and common sense
has dictated the spacing of these at equal
intervals. The theoretical sample values in the
interior of the block therefore, have no chance of
selection, and the peripheral values are selected
not at random but systematically. The exact
relationship between the results of such
systematic sampling and the theoretical random
procedure is at present being investigared. It
appears, however, from practical tests on mine
A that where the selection of the locations of
the drives and raises bounding the blocks of ore
has not been influenced in any way by sampling
values previously known, the systematic
perimeter samples may be accepted on average
as representative of the blocks as a whole. The
author is, however, fully aware of the limitations
of this statement, particularly in cases where
value trends are evident and where individual
blocks are irregular in shape.
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Frequency histogram

The statistical analysis of a population of values
consists primarily of the segregation of such
values into a range of selected value categories.
The population is then represented graphically
by plotting the limils of the range of values
within each value category as abscissae and on
each such range of values as basc, a rectangle
with area in direct proportion to the frequency of
occurrence of the values in the value category
concerned.

The resultant step diagram is called a
frequency histogram, and where the value
ranges are made sufficiently small, this step
diagram will in the limiting case, merge intc a
smooth curve called a frequency curve,

MEAN
VALUE

430 S0 [aliis] 00 4] a0 " 000
INCH DWTS.

Diagram No. 1—Showing frequency distribution of 28, 334 inch-dwt values on Mine A
by means of a histogram and the lognormal curve fitted to these observations
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The lognormal frequency distribution as
applied to gold values

The shape of the lognormal curve

The fact that the gold values obtained in
sampling a reef area could be represented by a
frequency histogram of definite shape was
known as far back as 1919"* but it was not until
recent years that the type of frequency curve
which could be fitted satisfactorily to such a
histogram was recognized as the lognormal
frequency curve.”** A typical lognormal curve is
illustrated on Diagram No. 1. For this purpose
28,334 inch-dwt values representing the
development results for a large section of Mine A
were analysed. The observed percentage
frequency of occurrence of the values falling into
the various value catcgorics arc represented by
the arcas of the rectangles forming the step
diagram to which the lognormal curve was fitted,
e.g., 12 per cent of the rotal number of values
were found to lie in the category between

150 and 200 inch-dwt. The most distinctive
features of the lognormal curve are its marked
skewness to the left and the long drawn-out tail
towards the higher value categories.

As suggested by the name ‘lognormal’, this
curve is related to the well-known symmetrical
‘normal’ curve of error, and can be transtermed
into the latter by plotting the abscissae, i.e. the
inch-dwr values on a logarithmic scale.

The application of the lognormal curve in
various fields

The lognormal frequency curve is not peculiar to
the distribution of gold values and has been
found to be applicable in a large number of
widely different ficlds, as the following bricf list
will indicate:-

« The incomes of individuals in a nation.”

» The sizes of grains in samples from

sedimentary deposits.”

The sizes ol sandgrains in samples from

windblown sand.'

The sizes of particles of silver in a

photographic cmulsion.®

Sensitiveness of animals of same species to

drugs.’

« Numbers of plankton caught in different
hauls with a net.*

« Amounts of electricity used in medium class
homes in the US.A°

+ Reaction times of human beings in a word
est.”

» Diameters of particles of airborne dust in
coal mines.*

» Number of words in sentences from works
of G.B. Shaw.”
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As far as the Witwatersrand goldfield and its
extensions are concerned, evidence from a
number of the chain of mines stretching for more
than a hundred miles from Heidelberg in the east
to the West-Wits line in the west, as well as from
mines in the Klerksdorp sector, indicates that it
is highly probable that the lognormal curve will
find application to the distributions of gold
values in most, if not all, of the known economic
reef horizans. An analysis of the borehole values
for the Basal Reef in the Orange Free State field
confirms the natural expectation that the pattern
exhibited by these values is also lognormal in
trend.

Characteristics of the logrnormal curve

A bricf list of the more important formulae based
on a mathematical analysis of the lognormal
distribution is contained in the annexure to this
paper with the relevant references. For the stated
purpose of this paper it is sufficient to mention
only two basic characteristics of the lognormal
distribution, i.e. the mean of the population and
the relative variation (co-efficient of variarion)
between the values constituting the distribution.
Referring to Diagram No. 1 the mean lies at the
inch-dwt value corresponding to the centre of
gravity of the area between the curve and the
x-axis, and the relative variation is measured by
the relative spread of the curve. All the other
characteristics of the distribution, e.g. skewness,
kurtosis (peakedness), modal value, median
value and geometric mean, can be expressed in
terms of either or both of the above two basic
characteristics.

A lognormal distribution is, therefore,
completely determined by its mean value and the
relative variation between the units of the
population.

Effect of a variation in the size of the reef
area

The question naturally arises whether the gold
values in a reef body are distributed lognormally,
irrespective of the size of the reef area
concerned. The selection of the boundaries of the
section of Mine A, for example, in respect of
which the lognormal distribution shown on
Diagram No. 1 was observed, was purely
arbitrary and it is, therefore, natural to expect
the distributions of gold values within smaller
{or larger) sections of such a mine also to be
lognormal. This has been confirmed on Mine A
for various sizes of reel areas down (o a size
smaller than that of the average ore reserve
block on the mine.”

Now, in dealing with the incomes of the
members of a human population it is only
natural to expect a larger relative variation
between the incomes of members of a town's
population than between those of members of
the population in a single suburb of that town.
Similarly, it can be expected that gold values in a
whole mine will be subject to a larger relative
variation than those in a portion of the mine,
and hence that the relative variation between
gold values on any mine will tend to increase
with an increase in the size of the reef area
concerned. Practical experiments on Mine A have
confirmed this.®

A conclusion arrived at as a result of these
practical investigations, and which may be of
considerable importance in future in improving
the general standard of mine valuation, was that
the relative variation between values within
equal size reef areas appeared to be fairly stable
and possibly constant (at least for practical
purposes) in individual sections of a mine with
minor changes from section to section. This
aspect will be referred to again in Section V1.

The effect of a variation in the size of the
ore samples

Since the decision to sclect samples
corresponding to reef areas of 6 sq. in. is also
arhitrary, the size of the sample should also not
affect the typical lognormal pattern of the distri-
bution of gold values. This is confirmed by the
fact that in an ideal case (where the natural
distribution of the ore values has not been upset
by previous mining operations), the average
values of ore blocks (pay and unpay) in a mine
have also been found to be distributed log-
normally, an ore reserve block being equivalent
to an exceptionally large ore sample.

1t is found in practice, therefore, that the
inch-dwt values within a block of ore are
distributed lognormally, that these values from
all the blocks in the mine when considered
together still form a lognormal distribution with
a curve of a somewhat different shape, and that
if the mean values of the individual blocks are
considered, these in turn also constitute a similar
type of distribution. The mathematical
relationship between the relative shapes of these
three types of distributions is formulated in the
annexure (Formula 19) and can be applied in
practice in predicting the percentage payability
and average payable ore reserve value for a new
mine from relatively little basic information such
as borehole values and a limited number of
underground development values. A detailed
discussion of this aspect falls outside the scope
of this paper and could possibly be dealt with at
a later date.
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General basic conclusions to be drawn
from the lognormal distribution of gold
vaiues

It is immediately evident from the illustration of
a typical lognormal curve (Diagram Ne, 1) that
the inch-dwt values cover the entire theoretical
range from zero to infinity. Also since the curve
approaches the x-axis asymptotically in the
range of the higher value categories, the
frequency of occurrence of extremely high values
is relatively small but can only become zero for
infinitely large values.

In drawing a set of values at random from a
population of values, the probability of drawing a
value in any particular value category is
measured by the relative frequency of occurrence
of values in this category, e.g. referring to
Diagram Ne. 1, it is obvious that if one value is
drawn at random from the 28 334 values
represented by the curve, the probability of
drawing a value between, say, 150 and 200 inch-
dwt is 12.0 per cent, i.e. approximately 1 in 8.

It is also evident that every lognormal distri-
bution, no matter what its mean value may be,
must comprise a mixture of values ranging
theoretically from zero to infinity.” A distri-
bution with a low average value will, therefore,
always contain a proportion {even if smally of
relatively high values, and vice versa a distri-
bution with a high average value will contain a
proportion of relatively low values. In mine
valuation, therefore, the occurrence of relatively
high values (even if only occasionally) in a low-
grade block of ore is quite nadural, and similady
also the occurrence of low values in a high-grade
block of ore,

Considering now the practical aspect of, say.
a block of ore or a stope face in respect of which
onlv a limited number of all the possible values
is available, it is evident that the possible
combinations of, say, ten sample values each,
which can be drawn from the complete distri-
bution formed by all the sample values, will be
infinite and, therefore, that the probability of
striking two identical sets of ten values each is
slight. Further, in view of the wide range of
values covered by the parent population, the
striking of a set in which all ten values are
identical, is virtually impossible.

In practice the maximum gold value possible will be
that corresponding to pure gald, i.e. some

583 000 dwtiton, or say, 29 millicn inch-dwt for a 50 in.
stoping width.

A further basic conclusion to be drawn from
the knowledge of the lognormal frequency distri-
bution of gold values is that the individual
sample values available in respect of a block of
ore or a stope face represent only a few known
values out of a virtually infinite number of
values which can be obtained in repeated
sampling. Where the few known sample values
are distributed over the range of values in
approximately the same proportions as the total
number of possible sample values, the mean
valuc of these few samples will naturally
correspond closely to the true mean value of all
the possible samples. In practice, however, some
of the relatively few extremely high values in the
parent population of values, must at one time or
another be struck in taking a set of samples, and
will in such an event appear ta be out of accord
with the rest of the sample values in the set, and
will raise the average value of the set to an
abnormally high figure. Such values are
generally regarded as ‘anomalous,” ‘freak,’ or the
result of bad sampling, and are in practice
usually ‘cut’ or ‘adjusted’ by arbitrary methods
in order to yield what, at any rate, appears by
intuition to be a more reliable average result.
Such apparently anomalous values are, however,
genuine members of the population of values
along the stope face or in the block of ore, and
are, therefore, in no sense truly anomalous or
freak. The correct approach to the problem of
estimating the true mean value of the unknown
population of values (i.e. of the stope face or ore
block) from the few known members of this
population (i.e. from the few available sample
values), is, therefore, to fill in the gaps between
these known values in such way as to result in
the best estimate of the parent distribution of
values, i.e. the population, without discarding or
‘cutting’ any one value which may appear to be
anomalous. This is one of the basic aims in
approaching the problems of mine valuation
from a statistical angle.

It is also evident that since even adjoining
sample values cannot be expected to be identical,
a fact which has in a practical way often been
observed from the results of check sampling in
the same of an adjacent groove, any sample
value cannot be regarded as having a so-called
‘wrea or distance of influence, " in the generally
accepred sense. An occasional high value
encountered in sampling successive stope faces
in a low-grade block of ore is, therefore, not
necessarily indicative of a patch of high-grade
ore {extending half way from the relevant
sample section to surrounding sampling
sections), and the same principle naturally
applies to borehole values.
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The reliability of individual face and block
valuations

As stressed at the outset, the individual sample
values as computed from assay results have been
employed throughout, and no attempt has been
made to determine the bias errors which may be
introduced in the actual physical acts of sampling
and assaying. A useful paper on this aspect was
published by Sichel® in 1947. Reference to the
reliability of block and face values in this investi-
gation, therefore, merely implies the reliability of
accepting the mean of a limited number of sample
values as an estimate of the correct average
sample vatue of the relevant block or face. The
criterion for measuring reliability will,
consequently, be the average value of a theoret-
ically infinite number of sample sections in the
relevant block or stope face. This average value
has been, and will be, referred to as the frue
mean vafue of the block and will only equal the
actual mean value of the block where on average
no over- or under-sampling is carried out.

MEAN
: BLOCK

FREQUENCY PER CENT

0 20 40 60 80 100 120 140160 180 200 250 300
INDIVIDUAL INCH DWT. VALUES AS % OF MEAN BLOCK VALUE

Diagram No. 2—Showing the frequency distribution of inch-dwt values within an average
ore reserve block on the Witwatersrand

-
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The frequency distributions of gold values in
individual ore reserve blocks vary in character-
istics from mine to mine and reef to reef and even
within mines from section to section, but if the
individual values are expressed as percentages of
the true mean block value, Diagram No. 2 can
serve as an indication of what conditions might
be on average.” The curve on this diagram,
therefore, approximately represents the distri-
bution of individual gold values in an average ore
reserve block on the Witwatersrand, the position
being possibly somewhat different in any
particular mine or section of a mine.

If now, one sample is taken at random from
this average block of ore (or stope face), the
probability of drawing a value falling within any
specific value category will be represented by the
percentage of values in this category, e.g. the
chances of obtaining a value falling within the
range of, say, 80 per cent to 100 per cent of the
true mean value of the block, i.e. a value corres-
ponding to a negative error of between 0 and 20
per cent will be 8.1 per cent, i.e., say 1 in 12,

Similarly, the probability of an error not
exceeding plus or minus 40 per cent of the true
mean value is represented by the percentages in
the categories from 60 per cent to 140 per cent of
the mean value, i.e. 29.9 per cent. There will,
therefore, only be a chance of about three in ten
of not exceeding an error of 40 per cent. In other
words, in an average of seven cases out of every
ten the value obtained will be in error by more
than 40 per cent of the true mean value of the
block of ore. As could have been anticipated, one
sample value as an estimate of the true block
value will serve little practical purpose.

Consider now the case where, say, ten values
are drawn at random from a parent population of
values and where the arithmetic mean of such a
set of ten values is accepted as an estimare of the
true mean value of the population. If this process
is repeated many times, it will result in a series
of estimates of this true mean value and such
estimates will in turn yield a distribution of
estimates which can, as in the above case of
individual values, be represented by a smooth
frequency curve. Statistical theory provides the
method of determining the distribution curve of
the estimates (to a first approximation in the
case of a lognormal parent distribution).

Parameter o of distribution taken as 1.02—see
Annexure.
See Annexure and Ref. 5.
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In the case of the so-called average ore
reserve block considered above, the distribution
of the estimates of the true mean value of the
block if based on ten values in each case only,
can be represented by the full curve on diagram
No. 3." The curve for individual values (from
Diagram No. 2) is shown dotted and it is imme-
diately evident how the estimates based on sets
of ten values each are clustered more closely on
either side of the overall true mean block value.

From Diagram No. 3 it is evident that if a
large number of sets of ten samples each are
taken from this particular block of ore, the
chances are that, e.g. 70.6 per cent of all the
observed mean values of these sets of ten
sample values each will be within the range of
values from 60 per cent to 140 per cent of the
true mean value of the block. There is therefore
approximately a seven in ten chance of not
exceeding an error of 40 per cent if the
arithmetic mean of ten sample values is accepted
as the true mean value of the block.

Similarly, the distribution curve for estimates
based on any specific number of available
samples value can be obtained, and Fig. 3 shows
the curve (dotted) for sets of 50 values each.
Based on a series of such curves, Table 1 was
prepared to indicate the overall rcliability of
block valuation in the case of an average ore
reserve block on the Rand.

TRUE
MEAN
BLOCK
VALUE
L
!
\
Curve for
. estimates
Curve for | - based on
astimatas : 50 values
based on 1 | each
value only

Curve for

based on
10 values

~ AT
2l B 5 i

0 20 40 B0 80 100 120 140 160 180 200

300

ESTIMATES OF TRUE MEAN BLOCK VALUE AS % OF THE LATTER

Diagram No. 3—Showing the frequency distributions of estimates of the true mean value of
an average ore reserve block based on 1, 10, and 50 values per estimate respectively
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It becomes clear from this table what
‘chances’ are taken by the valuator in the
valuation of individual blocks and stope faces
where conditions approach the average. In order
to ensure, say, that the observed mean of the
sample values for a block or face will not be in
error by more than 10 per cent in an average of
nine cases out of every ten (i.e. a 90 per cent
probability or confidence limit), a total of some
500 samples will be necessary. This is far in
excess of the usual number of sample sections
available for an average ore reserve block and
appears nearly astronomical when compared
with the number of stope sampling sections per
face, usually ranging from 10 to 30.

It is thergfore obvious that the customary
practice of starting and stopping stope faces, or
portions of stope faces, on the evidence of one, or
even two or three, stope samplings, must
inevitably result in the stoping of some unpay ore
and in the rejection of a percentage of pay ore.

This statement will be more evident from
Diagram No. 4 which is based on the same
fundamental assumptions and on which the
position for the average ore reserve block (or
stope face) is presented in relation to the pay limit
and to a probability of 95 per cent, i.e. 19 in 20.

If, therefore, a wrong decision in not more
than an average of one case out of every 20 is
regarded as a reasonable risk to take in block
valuation, it is evident from the diagram that a
block valuation based on, say, 50 sample
sections will have to be at least 1.336 times the
pay limit before the block can safely be classed
as payable, or will have to be at most 0.723
times the pay limit for the block to be classed
safely as unpayable. No safe classification can be
made if the arithmetic mean of the 50 observed
values lies anywhere between these two limits.

Where the pay limit is, say 3 dwt/ton, a
block valuation based on 50 sample sections will
therefore have to be less than 2.17 dwt/ton or
more than 4.01 dwt/ton for the block to be
classed safely as unpayable or payable respec-
tively. Similarly, a face valuation based on, say,
ten values, will be indecisive anywhere between
1.42 dwt/ton and 5.38 dwt/ton.

It is evident from the above analysis which it
must be stressed applies only under the stated
average conditions, that a reasonably reliable
estimate of the value of a block of ore of a stope
face cannot be based on a limited number of
values such as are generally available from a
single stope sampling or even from two or three
such samplings.

Based on random sampling theory. For systematic
sampling as practised on the Witwatersrand the curve
will probably be slightly different, an aspect receiving
attention at present.
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A statistical approach to some basic mine valuation problems on the Witwatersrand

Maxlmum error elther side of true mean value of block

Table 1
samples | 10peroent 20peroent 30 per cent
per LR
set |
1 7 14
5 ‘ 14 28
10 19 | a8
20 27 | 51
50 41 | 72
100 55 | 87
200 71 | g7

500 91 i 100

40 per cent | 50 per cent

22
42
55
71
90
97
100
100

Probability per cent

30
56
71
85
97
99
100
100

39
68
82
92
99
100
100
100

E.g.. there will be a 51 per cent probability, say, an even chance , of the observed mean of
20 sample values not being in error by more than 20 per cent either side of the true mean

value

ESTIMATIE OF TRUE MEAN BLOCK VALUE EXPRESSED AS
A FRACTION OR MULTIPLE OF THE PAY LIMIT

25
Vo ag
H rd /,/,
/’7/ /?
19 / / 7 / / s
/ e -
Pa Lumit” 9‘ d;chons i b F T T T ettt
- Tof st 07
rone & 11
wler oSS S
F I e
S LA 53
s
s MR TR B BN N TR 111 N N1 N
2 5 10 20 50 100 200 500 1000 2000

5000

No. OF SAMPLE SECTIONS ON WHICH ESTIMATE OF TRUE MEAN BLOCK IS
BASED. Geometric Scale

Diagram No. 4—Showing safe limits for selecting ore as payable and unpayable where
‘safe’ implies an incorrect classification on average in not more than one case out of 20.
Based on approximately average conditions on the Witwatersrand
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It seems, therefore, that the present practice
of basing selective stoping policy on current stope
sampling results is open to justifiable criticism
and requires careful reconsideration. It appears to
the author that serious thought should be given
to the curtailment and possibly even the discon-
tinuation of stope sampling and the diversion of
all efforts rather towards increasing the number
of available development sampling sections per
ore block in order to improve at any rate the
general reliability of block valuations to within
safe limits. Before this general but radical
suggestion can be put into effect on any specific
mine, it will naturally be essential to analyze very
carefully local conditions, such as-

(a) the average variation between values in
ore blocks;

(b) the extent of the change (if any) in this
variation from block to block;

(c) shoot and general value trends (if any);

(d) the extent to which perimeter sampling can
be accepted as representative; and

(e) the extent to which stope sampling is
essential for purposes other than selective

stoping policy.

Bias errors introduced in ore reserve valu-
ations due to the nature of the distribution
of gold values and the limited number of
available values per ore reserve block

The question which now naturally arises is what
the overall effect will be of valuing all the blocks
of ore in a mine on a limited number of sample
values per ore block. For this purpose a practical
example, which is a reasonable representation of
the position of Mine C, will be considered.

The true values of the payable and
unpayable ore blocks in this mine are distributed
lognormally in the various grade categories as
shown in Columns 1A and 1B of Table 11, e.g.
7.10 per cent of the total number of ore blocks is
of a true grade lying between 2.55 dwt/ton and
2.95 dwt/ton and has an average true value of
2.75 dwt/ton. The ore blocks are in practice
valued on an average of only 60 sample section
values per block, and as indicated in the
previous subsection such estimates of the true
block values are, therefore subject to consid-
erable fluctuation or errors. For example,
valuations of the blocks of ore falling in the
second grade category (i.e. the 7.10 per cent)
with a true mean value of 2.75 dwt/ton, will
yield the following results (Row No. 2):-

2.88 per cent will be valued at between nil and 2.55 dwt/ton

2.02 per cent will be valued at between 2.55 and 2.95 dwt/ton
2.06 per cent will be valued at between 2.95 and 3.95 dwt/ton
0.14 per cent will be valued at between 3.95 and 4.95 dwt/ton

7.10 per cent will be valued at an average of 2.75 dwt/ton
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A statistical approach to some basic mine valuation problems on the Witwatersrand

Table It
r _
| Distribution of means of 60 samples per block
1A 1B
| Row Value category
| No. limits—dwt
| 1A % freq.
1B Per cent Mean
freq. values
1 9.55 212
— 255 | -
...... 2 : 710 | 275
295 |
3 22,03 3.48
395
4 20.74 443
495 1
5 : 15.35 5.42
- B.05
6 10.06 6.41
695
7 S 6.20 7.4
8 3.69
9 5.28
| 10 Mean of true
values in
columns
1" Theoretical Block
Plan Factor
12 Actual BP.F—
Mine C

Assumptions for Table N:
Parameter o of distribution of true block means = 0.184

Overall mean value = 4.9 dwt/ton

Parameter of of distribution of individual values within blocks = 1.183

Distributions of means of sample sets based on random theory and assumption of lognormality

Determinations made graphically and therefore not necessarily correct to the second decimal point
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Similarly, the block valuations of ore falling
in the other true grade categories are reflected in
other rows up to No. 9 in the table. The overall
effect of all the block valuations can now be
analysed as follows:-

Taking, for example, Column No. 2 which
represents all the 6.32 per cent of blocks listed
from block valuations as having values between
2.55 and 2.95 dwt/ton with an overall indicated
mean value of 2.76 dwt/ton. Due to the fact that
these blocks were each valued on 60 sample
values only, these blocks actually comprise-

0.48 per cent with true mean values between nil and 2.55 dwt/ton

2.02 per cent with true mean values between 2.55 and 2.95 dwt/ton
3.41 per cent with true mean values between 2.95 and 3.95 dwl/ten
0.41 per cent with true mean values between 3.95 and 4.95dwt/ton

6.32 per cent with true mean values of 3.19 dwt/ton

The true mean value of these blocks valued at an
average of 2.76 dwt/ton, is therefore 3.19 dwt/ton
representing a considerable undervaluation.

MARCH 1994

In similar manner the true values of the
blocks falling in the other ‘indicated’ value
categories can be determined and are shown in
Row No. 10. The indicated average values of the
blocks within these categories, as obtained from
sampling results, will however be as shown in
Row No. 1B. Comparing now the values in this
row with those in Row No. 10, it is obvious that
block valuation based on a limited number of
samples per block will result in the general
under-valuation ¢f blocks listed in the low-grade
categories and over-valuation of blocks listed in
the high-grade categories.
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CORRESPONDING AVERAGE TURE BLOCK VALUE, DWTS/TON

AVERAGE

Now, it is a well-known fact on most mines
on the Witwatcrsrand that when ore reserve
blocks are extracted, the results from blocks
valued as high-grade are on average
disappointing, whereas results from blocks
valued as low-grade on average exceed
expectations, The best practical measure of these
phenomena is provided by the Block Plan
Factors' observed in the varipus categories, those
for Mine C being listed in Row No. 12 {Table 1I).

The question naturally arises why current
stope sampling can be accepted as a ¢riterion for
criticizing ore reserve valuations in the various
categories, but the explanation can be supplied
readily. Take, for example, the blocks as valued
in the category 2.55 (o 2.95 dwt/ton (Column 2,
Table 3, and in fact, comprising a range of
blocks with teue values in the categorics from O
10 4.95 dwt. The current face samplings in
respect of these blocks (based on an even
smaller number of samples per block than in the
case of block valuations) will err on either side
of the true values in the range 0 to 4.95 dwt, but
the mean of aff such samplings {particularly over
a whole vear of operation ) will provide a
reascnable estimate of the true mean value of

the combination of blocks under consideration”.
! Block Plan Factor is the ratio expressed as a
percentage which the gold content of the ore broken
from Ore Reserves as indicated by current stope
sampling results bears to the content as computed
from black valuations.

Provided the total nurmber of sampies taken from
hincks in the category is sufficiently large.

OVER-
VALUATION
oF
_ " HIGHGRADE
o \ BLOCKS
CALCULATED
#}’ TREND
p TREND
OBSERVED
N PRAGTIGE
- UNDER-
’ VALUATION
p. OF
= LOWGRADE
=4 BLOCKS
a5
L4 L I \ L1 S T
2 a3 &4 5 6 7T 8 8 w N

INDICATED BLOCK VALUE, DWTS/TON

Diagram No. 5=—Showing theoretical and observed trend of relationship between block
valuations based on 60 values per block and the true block values for Mine C
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The theoretical Block Plan Factors in Row
No. 11, Table I (i.c. theoretical true values in
Row No. 10 divided by indicated values in Row
1B} can now be compared with the observed
Block Plan Factors (in the various value
categories) for Mine C (Row No. 12). where the
conditions assumed in the table are roughly
approximated. The agreement is sufficicntly
close to indicate that the contentions on which
the calculation of the theoretical Block Factors
was based ¢an provide a reasoned solution to the
problem of the variation in the Block Plan
Factors as observed in the various value
categories.

A direcr and more accurate method of
arriving at the theoretical Block Plan Factors is
provided by the theory of lognormal correlation
and regression {Formulae Nos. 22 and 23 in the
annexurel.

Referring now to Diagtam No. 5, the curve
ab represents the theoretically determined trend
of relationship of true block values
corresponding to the observed block value for
Mine C. This relationship as observed in practice
from the Block Plan Factors in the various grade
categories is shown by the small circles, and it is
evident that the agreement between theory and
practical tesults is close. This diagram clearly
indicates the extent of undec-valuation of blocks
listed as low-grade and the over-valuation of
blocks listed as high-grade.

It is obvious from the foregoing that, where
the number of samples per block is limited, and
no cutting of individual or block values is done,
it is only natural and not due to wreng blocking
policies, to expect Block Plan Factors exceeding
100 per cent in the low-grade cre categorics and
less than 100 per cent in the high-grade ore
categories. The extent of the deviation either side
will depend partly on the basic behaviour of the
distributions of gold values in the mine and in
individual blocks, but mainly on the average
numbey of sample values available per block,
and these deviations can only be expected to
become insignificant as the number of sample
values per block is increased considerably.

The average value above any pay limit—
Referring again to Table I, and computing now
the average indicated and true values above any
pay limit, the interesting position reflected in

© Table 11 is found.

The overall theoretical Block Plan Factors for
various pay limits are shown by the curve A8 on
Diagram No. 6 and it is clear that as the pay limit
is raised the overall Block Plan Factor will
decrease, i.e. the over-valuation of ore listed as
payable will increase.
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Table 1l

Value limit

pay limit

2.55
2.95
3.95
4.95
5.95
6.95
7.95
8.95

100 %

Theoretical
Average Average Block Plan Factor
indicated true for all ore
value above value above above
pay limit pay limit pay limit
Values in dwt/ton Per cent
4.9 | 49 100
5.33 5.28 99.1
5.53 5.45 98.6
6.32 6.11 96.7
7.24 6.85 94.6
8.18 7.59 92.8
9.18 8.37 91.2
10.22 917 89.7
11.20 9.90 88.4

90 %

BLOCK PLAN AND STOPE SAMPLING FACTORS

FOR ORE ABOVE THE PAY LIMIT

80 %

2 4 6

PAY LIMIT DWTS/TON

Diagram No. 6—Showing overall effect above various pay limits for Mine C
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The ¢ffect on the Mine Call Factor."—The
customary practice on the Rand in stoping to a
pay limit is to base the policy of stopping and
starting stope faces, i.e. of selecting the payable
ore for stoping, largely on current stope
sampling except, possibly, where an ore reserve
block falls well within the payable category. In
many cases portions of stope faces, which can
from a mining point of view be stopped without
upsetting the general layout, are stopped on the
results of one or two, or at most, three unpay
stope samplings, the total number of samples on
which such a decision is based being as low,
possibly, as 10 or 15 (e.g. a 100 ft length of face
sampled at 20 ft intervals). The average number
of stope samples on which any such decision is
based is probably larger but will in nearly all
cases be considerably smaller than the average
number of samples per ore reserve block. If,
therefore, a table similar to Table I1 is prepared
to allow for the selection of tonnages in value
categories on, say, 30 sampling sections per
working face only, it is obvious that the
variation of the indicated values in the rows will
be larger, and that the under-valuation in the
low-grade and over-valuation in the high-grade
categories will be accentuated.

On this basis, a second edition of Table III
was prepared and is reflected in Table V.

From the above it is evident that in working
to a pay limit and even where there is no
physical over-sampling underground, there will
always be a consistent and natural tendency for
the ore selected for stoping to be over-valued.
Further, in the case of a mine with a relatively
low-payability (i.e. a high pay limit in relation to
the average value of all the ore in the mine) the
percentage over-valuation in selecting tonnages
of ore as payable on a limited number of sample
values can be appreciable, and can thus account
directly for a proportion of the difference
between the gold called for by sampling and that
accounted for by the reduction works. The effect
on Mine C is shown graphically on Diagram
No. 6 by the dotted line CD. The explanation of a
Mine Call Factor of less than 100 per cent can
therefore to some extent be sought in the limited
number of sample values available per working
face and on which the selection of payable and
unpayable ore is based.

* Mine Call Factor is the ratio expressed as a
percentage which the gold accounted for by the
reduction works bears to the gold called for by current
sampling results.
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Table IV
Pay limit: dwt/ton 0 2.55 295 | 395 | 495 | 595 @ 695 | 795 | 898
| |

Average indicated value above |

pay limit: dwi/ton 49 | 542 568 | 649 | 741 839 | 941 | 1045 | 11.49

Average true value

above pay limit: dwt/ton 49 | 531 551 608 | 671 735 | 800 | 863 | 927

Stope sampling factor, % 100 98 97 94 9n 88 85 83 81
Over a period the Mine Call Factor as Improved estimates based on statistical

observed on a mine can, therefore, in addition to  theory

the well-known contributing factors such as any ) . ’ ‘

actual physical over-sampling underground, and There. are various additional ways in wplch t.he
any gold lost in mining, also be ascribed to the unsan_sfacmry t_‘eatures present in existing mine
invisible but inevitable over-valuation of the ore ~ Valuation practice can be reduced to such an
classed as payable on a limited number of values ~ €Xtent as to render the effects insignificant. With

per stope face or ore block. the present methods based on the straight

The major effect of this unsatisfactory over- arithmetic mean of sample values an obvious
and under-valuation of blocks in the upper and remedy is to increase whlcrc necessary the
lower grade categories, as well as the number of values on which any individual
undesirable overall over-valuation of all blocks valuation of an ore block or stope face is‘macle‘
above the pay limit, can of course be climinated 11 the case of a stope face, practical consider-
by applying the correctly calculated Block Factors  ations exclude the possibility of obtaining the
in the various grade categories. This should also hundreds of sample sections required to reduce

have a definite steadying effect on the Mine Call valuation errors to safe limits. In the case of ore
Factor on any mine, particularly as every change ~ Plocks, however, and provided these are blocked

in the working costs of a mine and/or the price out realistically so as to be of a reason_able size
of gold, has an immediate effect on the pay limit. ~ With as much of the periphery as possible
This in turn will have an effect on the Mine Call exposed, it is quite practical to obtain the
Factor unless the corrections, based on the required number of sample sections. For most
suggestions above, are effected, in the grade mines, satisfactory block valuation may
categories. Such corrections will, however, only necessitate at most the doubling or possibly the
result in a corrected average valuation of all trebling of the development sampling
blocks in every grade category, and many programme, and this will not call for any
individual blocks will, therefore, remain graded additional samplers if, as suggested previously,
incorrectly. the stope sampling programme, on which

A further significant observation is that, as relatively little reliance for valuation purposes
in the case of the Block Plan Factors, the Mine can be placed, is curtailed drastically. The policy
Call Factors will vary from one grade category to 10 be advocated for any specific mine will
another. The Mine Call Factor at the pay limit patura]ly. depend on local conditions as stressed
grade can, therefore, not be expected to be the In a previous section.
same as that observed for the mine as a whole, The application of statistical theory to our
and pay limit determinations based on the problems, however, opens up a new avenue of
overall Mine Call Factor will consequently be approach. Where the gold values follow the
subject to a bias error. In the case of the ore lognormal pattern it is possible to arrive at

reserve pay limit, however, this bias error will be improved statistical estimates of the true values

eliminated automatically if the correct Block Plan ~ ©f ore blocks (or stope faces), i.e. calculations

Factors for the various grade categories are subject to reduced errors as compared with
applied first. existing estimates. Thus the same basic sample

values can be employed to greater advantage.
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Two types of improved estimates have been
developed and the choice between these will
depend on local conditions. The first type will be
dealt with in some detail, and applies where
analysis of the distribution of gold values in a
mine indicates that the relative variation
between values in ore blocks (or stope faces) of
equal size is sufficiently stable to allow it to be
accepted as constant for valuation purposes
throughout the relevant mine or section of that
mine. Where this proves to be the case (and
practical experiments carried out on Mine A® and
recently also on mine D, suggest that this
warrants serious investigation on all mines) the
improved estimation procedure is straight-
forward. The geometric mean of the sample
values is determined and multiplied by a factor
related to the number of available values and the
known relative variation between all the possible
values in the ore block (or stope face), i.e. the
parent population (Formulae 18 and 18a in
annexure).

The improvement obtained by this method
compared to the present method of accepting the
arithmetic mean, can be measured in the most
practical manner by the relative numbers of
sample values required by these two methods to
yield equally reliable estimates of the true value
of any particular ore block. Allowing for the
variation in conditions which have so far been
observed for a number of Witwatersrand mines,
it can be stated that for equivalent reliability the
number of sample values required on the present
orthodox method will be at least one and a half
times, and may be as high or even exceed, three
times the number required on the suggested
improved method (see notes following Formula
18a in annexure).

Practical illustration.—The above
conclusions were tested by taking a developed
section of Mine B with 3600 available
development sampling values. For our purposes
the true mean value of this section of the mine
can be accepted as the arithmetic mean of these
3600 values, i.e. 477 inch-dwt. The relative
variation between these values was calculated
and can also for practical purposes be accepted
as equivalent to that between all the values of
the parent population of values concerned. Based
on this calculated figure the relevant factors by
which the geometric mean of any set of sample
values requires to be multiplied to yield the
improved estimate of the population mean were
determined.
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Thirty sets of twenty equidistantly spaced
sample values* each were now selected from
these 3600 samples, and the mean and
geometric mean ol every set was calculated. The
geometric mean of every set was then multiplied
by the required factor, i.e. 1.7514, to yield the
‘improved’ estimate of the true mean value
(477 inch-dwt).

The 30 improved estimates were found on
the whole to be clustered much more closely
around the true mean value of 477 inch-dwt
than the corresponding 30 straight means and
‘improvements’ were obtained in 21 out of the
30 cases.! The results for these 30 cases are
shown graphically on Diagram No. 7, and the
overall improvement obtained is evident.

The following is an example of how the need
for ‘cutting’ a high value falls away:—

Set No. 13:

Inch-dwt values: 35, 40, 66, 74, 81, 112, 146,
161, 202, 209, 244, 266, 290, 205, 319, 528,
1,004, 1,233, 2,341, 18,928.

Straight mean value: 1392.2 inch-dwt.
‘Improved’ estimate: 466.7 inch-dwt. True mean
value: 477 inch-dwt.

Table V indicates the results of six sets of
100 samples each treated in the identical
manner, and the overall advantage of the
suggested improved method is obvious. In the
same way, one set of 600 samples gave an
arithmetic mean value of 555.9 inch-dwt, and an
‘improved’ estimate of 461.0 inch-dwt, the
former being in error by +16.5 per cent and the
latter by only -3.4 per cent.

Where detailed analysis on any mine shows
that the relative variation between all the
possible values in individual ore blocks (or stope
face) varies significantly [rom block to block (or
face to face)the second type of improved
estimation procedure can be employed. This
procedure has been analysed in detail by Sichel
(1949 and 1951), and involves the use of
formula (20). The practical application of this
procedure will be facilitated by the tables to be
published in Ref. 10. Although this procedure
will yield improvements of a somewhat lesser
extent than those discussed above, and is not
quite so straightforward, it has other advantages
and can be applied without any detailed
preliminary research.

*

These values were therefore not selected in a random
fashion but systematically. For practical comparative

purposes, however, this aspect can be discharged at
this stage.

Average extent of improvement in 21 cases =

189 inch-dwt. Average extent of worsening in 9 cases
= 34 inch-dwt.
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Table V
Sample set no. 1 : 2 | 3 4 | 5 | &
* Mean value of set—inch-dwt 4033 | 4542 | 4459 | 8326 | 5172 | 6824
‘Improved’ estimate of true mean ' |
value—inch-dwt 405.7 | 4326 | 4717 | 4763 | 4859 | 4888

True mean value = 477 inch-dwt
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There is, therefore, at this stage no longer any
excuse for not claiming the obvious advantages to
be gained by the application of either of the two
statistical valuation procedures referred to in this
section. Without any increase in the number of
samples taken regularly on a mine, these methods
will result in reduced valuation errors in
individual block and face valuations and will thus
also reduce the overall unsatisfactory features
associated with ore reserve determinations as
discussed in the previous section.

Conclusion

This concludes the necessarily brief introduction
to the general statistical procedures which can be
applied profitably in mine valuation on the
Witwatersrand. More specific applications in e.g.
the analysis of borehole results and the
correlation between gold and uranium values
have been omitted from this paper for practical
reasons and may possibly be dealt with at a later
date. The object of this presentation will, however,
have been served fully if a general and keen
interest in the application of statistical procedures
in the field of mine valuation has heen aroused.

WORSE RESULTS

IMPROVED RESULTS

Arrow fail at
2373 inch-dwts

300 400 500

TRUE MEAN VALUE =477

500 700 8GD 900 1000 110
INCH DWTS.

1200 1300

Diagram No. 7—Showing comparison between orthodox and corresponding improved
estimates of frue mean value of a reef area obtained from 30 sets of 20 samples each
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Annexure of mathematical formulae

The lognormal frequency distribution” can be
represented by the formula:—

y=M exp[—al(]ogesz]z] [1]
where
Me_ @

Jrexp(b +1/4a’)

for unit area under the curve, z is the variable
concerned, @ and & are the two parameters, and
_y the ordinate corresponding to an abscissa
value of 2. o )

Substituting o~ = — and E-0° = b,
[1] reduces to : =

y(z)dz = [-\-"‘231' -o] '

ot 1 232
—_—— e — > £ =
cxp[ 2 57257 (logr_ E+o | }dz
(2]

£

with mean* = 6= C-Xp(§+ %_ [3]
J

geometric mean = median value' =exp (&)  [4]

modal value' = exp (g - 0?) [5]

height of mode’ = (\-"ﬂ 'U)_‘ cxp(i - E]

variance® = [exp(az )- 1Iexp(2§-.' +0° )] [7]

&

étandard deviation ¥ = [3XP(;‘_’ + ‘i]}

[exp(oz) - ]]l [8]

coefficient of variation® (i.e. relative variation) =
|

[exp(crz)—'l]3 [9]

3rd moment about the mean:*

Ly = [exp((f ) - 1]g[exp(u3 ) + 2}

{exp(35 + 3%]}

4th moment about the mean: *

[10]

Iy = {exp{oz ] - l]:

[cxp(4gl)+ 2'3"1"(302 )+ 3cxp[2(13 ) - 3]

[cxp(4§ + 207 :':| [11]
* References 2,4,57,89 and 10.
1 References 4,5,7,9, and 10.
1 References 4 and 5.
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skewness:

=15 - expfacr )+ dexpl2c?) -4 112

M

and kurtosis (peakedness):

B, = ::_; = exp(4(rz)+ 26Xp(30’1J

+ 33xp(203)—3 [13]
For real values of a, the lognormal curve will,
therefore, always be positively skew, with its
mode to the left of the mean and its long drawn-
out tail towards the right hand side. The curve is
also more sharply peaked than the Gaussian
Normal Curve, i.e. it is leptokurtic. Values
commonly encountered in dealing with the
distribution of individual gold inch-dwt values
on the Witwatersrand cover the following
ranges:—

a’ 2.00 1.389 1.02 0.781
B, 56422  108.75 4044  20.73
B, 3948.62 43292 12204  54.91

The normalized frequency function:t

No. [2] can be normalized by substituting
X =log.z to yield:

dx
[14]

1 a2
T\ X—s
20° [ 5]
which is the Gaussian Normal Frequency
Distribution Law with mean & and standard
deviation o.

fx)dx = [\-"ﬂ 'U’]_] cxp[-

Frequency of values above value z;: *

= 1 Ji exp(—%)dw

N 2.?1’

[15]

where w = (i:( log, z - &)

Average of all z values above value z,: *

®

1) exp(— l;j )dw

= cxp(§+ T\ v [16]

+ References 2, 5, 9and 10.
t ReferencesS5and 7.
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Sampling distribution of arithmetic mean'
The sampling distribution of the mean of a
sample of size n, from a lognormal parent

population has

variance = 2 |
n

skewness= £ |
H

and kurtosis = £2 =3 +3.

n
For the same variance, this distribution is more
skew and peaked than the lognormal.
Preliminary practical tests” have, however,
indicated that as a first and practical approxi-
mation for mine valuation purposes this distri-
bution can be accepted as lognormal with
Hy

H

variance =

Sampling distribution of geometric mean:'

In the case of a parent lognormal population, this
sampling distribution is also lognormal with
variance

T

Maximum Likelihood Estimator when o is
known a priori:'

This estimator is also lognormally distributed
with variance as defined by [17], the estimator

[17]

being = 7' = cxp{n_l(ojﬁf} [18]

2n
where X = mean of natural logarithms of
observed values in a sample of size n, i.e.
¢' = geometric mean of sample values multiplied

n=-1
e
2n

The relative efficiencies of £' and the
arithmetic mean are evident on comparison of
their variances. For equally reliable results, and
assuming the range of o* values listed above
(i.e. 0.781 to 2.000), the arithmetic mean will
require from 1.5 to 3 times as many individual
observations as the estimator ¢",

The combination of lognormal subpopu-
lations with identical o, values and lognormally
distributed means: '

by exp[ [18a]

1 Reference 5.
1 References 2,9 and 10.

The Joumal of The South Afncan institute of Minng and Metaliugy



Since the product of two lognormally
distributed variables corresponds to the sum of
two normally distributed variables (after normal-
ization), this product is lognormal in distri-
bution. The parent population comprising the
above combination of these subpopulations is,
therefore, lognormal with mean equal to the
overall mean of these subpopulations and
parameter o, = parameter o2 of the subpopu-
lations + parameter o2, of the distribution of the
means of these subpopulations. [19]

Maximum Likelihood Estimator t when o is
unknown:*

1V+7,n_1 Vit
. 2°2(n+1)

(PI _ ])','. s
V' +K 20
223 (n+1)(n+3) " J (201
where x = mean of natural logarithms of
observed values and V = variance of natural
logarithms of observed values.

Vv
For n large, [20] tends to ¢'= CXP(f + "2“} [21]

The solution of [20] can be effected by use of
the tables in Reference 10; this reference also
discusses the variances and efficiencies of
tand ¢,

Lognormal correlation and regression.”

For an ideal lognormal correlation surface
corresponding on a double logarithmic grid to a
normal correlation surface with homoscedastic
regression system and linear regression, the
lognormal regression curves (or lines) will be of
the type zi = K exp (p log z)) (where X and p
are constant and z;, and z; the two correlated
variables) and this will be a straight line only
whenp=1,ie z=Kz.

1 Reference 5.
I References 2,9 and 10.
* Reference 5.
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In this particular case, the corresponding
curve of regression of z;on zis defined by:—
2 2

lo —G—’hl +E +—L -
(-g(-zj_oz g, Z; =l 2

i

2
o

s

A
2
i

o
2

)J'%{I'ZI\J [22]

where o; and & = parameters of z; distribution;
and o; and & = parameters of z; distribution.
In the special case when the means of the z; and
z; distributions are identical, [22] reduces to:—
2 2
leg L o)
—log,z,+ (& +0; )l 1-—4| 23]

o)

Straightline graphical fit of the lognormal curve.*
This can be effected on logarithmic-probability
paper but is unsuitable for small samples
(statistical sense) and is in any case subject to
human errors.

log, z; =

i



